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Eric D'Hoker Superstring Amplitudes beyond Tree-level

Outline

e QFT: proliferation of the number of Feynman diagrams
— with increasing number of external states
— with the number of loops

e Closed strings: a single diagram per loop order
— compact (super) Riemann surface %
— genus = number of handles = number of loops
(open strings: cfr talks by Oliver Schlotterer and Stefan Stieberger)

e Main topics
I prototypes of closed superstring loop amplitudes
Il construction of amplitudes in the RNS formulation
1l supermoduli
IV low energy effective interactions
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|. Prototypes

e Type IIB four-graviton amplitude to one-loop order (Green, Schwarz 1982)

AW (g k) = ICIC/ d’r B (s;:]7)
R ZEE g, T
— Factorized basis of polarization tensors &£ = el'e¥
sij:—a’(ki+kj)2/4 K =tgey---eqky - ky

— Partial amplitude B is a modular function in 7 € M; =H/SL(2,7)

B(l) 523‘7_ L4 HE exp (Z Sij G(ZZ — Zj|7')>

1<
— G(z|1) is the scalar Green function on the torus > of modulus 7.
— Analogous formulas for Heterotic strings and more external states.

¢ Singularity structure
— For fixed 7 integrations over X produce poles in B at positive integers s;;.
— The integral over 7 converges absolutely only for Re(s;;) = 0.
— Analytic continuation requires decomposition of Mj.
— Massless singularities are produced by 7 — ico (cfr ambitwistor string).
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Loop momenta

e Loop momenta were hidden but may be exposed
— Choose a canonical basis of cycles A, B of H1(3,7).
— Choose Ioop momentum p,, flowing through the cycle A,

BO(s; / dm/ /
/ (IHI’T) SJ|T R10 My 4

— The partial amplitude F is locally holomorphic in 7 and z;

(24, z,p\T)

4
F(zi, ki, p|T) = dT H dz; i TP 2mip 3y kizi H191(Z7; — zj|T) "%
i=1 1<J
— at the cost of non-trivial monodromy
F(zi+ 010 kiplT) = P F (25, ki, pl7)
F<Zi+5i,€Bak‘i7p‘T> — F('Z’Lak‘zvp—'_k‘eh-)
— Modular invariance of A™) guarantees independence of choices.

— Hermitian pairing of F and F is familiar from 2-d CFT where
loop momenta p,, label conformal blocks of 10 copies of ¢ = 1.
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Genus two

e Siegel Upper half space S5,
SQZ{Q[J:QJIECWith I,J=1,2 and Y:Imﬂ>0}

— Sp(4,R) acts by Q@ — (AQ + B)(CQ + D)~ !

— (A B (0 —I
M'JM = J M_<C D) J_< )

— S has Sp(4, R)-invariant metric ds3 and volume form dps
dS%: Z ijjldQJKY[;[{dQLI
1,J,K,L=1,2
e Compact Riemann surfaces X

— Choose canonical homology basis of A, By cycles for Hy(3,Z).
— wy dual holomorphic (1,0) forms,

%WJ:CS]J %WJ:Q]J
A By

— Riemann relations imply 2 € S5;
— Modular group Sp(4,7Z); moduli space My = S3/Sp(4,7).
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Two-loop Type |l superstring amplitudes

e Type Il four-graviton amplitude at genus 2 (ED, Phong 2001 — 2005)

.A(Q)(Sz‘,ki) = ICI%/ d,ug B<2)(823‘Q)
Mo

YAY
8(2)(323|Q) = L4 (detImQ)2 exp (Zsij G(ZZ,ZJ|Q)>

i<j
— G(z;, 2;) is the genus-two scalar Green function;
Y = (t—u)A(z1,22) N A(zs,24) + (s — t)A(2z1, 23) N A(zyg, 22)
+(u — s)A(z1, 24) N A(z2, 23)
— A(zi, 7j) is a bi-holomorphic form independent of s, ¢, u.

A(z,w) = wi(2z) ANwa(w) — wa(z) A wi(w)
— reproduced (with fermions) in pure spinor formulation (Berkovits, Mafra 2005)

e Singularity structure
— For fixed €2 integrations over X produce poles in B at positive integers s;;.
— The integral over (2 requires analytic continuation beyond Re(s;;) = 0.
— Leading massless singularities from 211, {220 — i0o (cfr ambitwistor string).
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Two-loop Heterotic string amplitudes

e Heterotic four NS boson amplitude at genus 2 (ED, Phong 2005)

Ag)(gz,éz,kz) = ]C v dung)<§z,kz|Q)
2
B2 S;:|Q1) = / ex sii G(zi, 2
o (5:5]€) st (det TmQ)2 Upo(0) P(Z i G( J)>

i<j
— W10(Q) is the Igusa cusp form.
— Dependence on O according to channel:
x 4 gravitons R4
x 2 gravitons + 2 gauge bosons R?tr(F?);
x or 4 gauge with 2 channels (trF?)(trF?) and tr(F?)
— For example,
([Tiz, & - 0F(z) e™i0))
([Tiz, ettoaGa)
(@'(2)2"(w)) = —n"" InE(z w)

WR4(§Z'7 kz) —

— Gauge parts are obtained by the correlators of the current (0, 1)-forms.
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Il. Construction of amplitudes in RNS formulation

e Spinors " on the worldsheet
— With Minkowski worldsheet signature
* opposite chirality spinors ", @Z“ are independent Majorana-Weyl
* Dirac eq solved by ¥*(1 — o) and ¥* (1 + o)

— With Euclidean worldsheet signature
* right (-movers) 7—o0 — z
* left (-movers) 7140 — 2
* worldsheet spinors ¥, zﬁ“ become complex conjugate Weyl spinors

— On a compact Riemann surface of genus g
* In local complex coordinates (z, Z) solved by v*(2) and VH(3)
* Globally, 1)* are sections of spin bundle S (resp. ¥* of S)
* same bundle S (resp. S) for all ; by Lorentz invariance in R'°
x S92~ S92 T () (%)
x 229 distinct spin bundles labelled by their spin structure.
x S and S must be independent of one another.
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Worldsheet fields

o Type Il
o x“a,@bua,&ua K= 0717°"79
— Jmn — b, c, Z~), ¢ ghosts + ¢g¥  (parametrizing even moduli)
Xms Xm — ﬁ,%B,ﬁ ghosts + xY , XY (parametrizing odd moduli)

— Y, 8,7, Xm all have the same spin structure ¢
YH, 3,4, Xm all have the same spin structure ¢

e Heterotic
_ xu7¢u75\a7 a=1-32
— Gmn — b,c, b, ¢ ghosts + ¢ (parametrizing even moduli)
Xm — f,7 ghosts + X% (parametrizing odd moduli)

— ", B,7, Xm all have the same spin structure ¢
A“ grouped into 165 @ 165, for Eg X Eg or into 325 for Spin(32)/Z
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Chiral amplitudes
e Both Type |l and Heterotic require chiral amplitudes
— Link chirality with holomorphicity on (super) moduli space

— Chiral amplitude from non-chiral by chiral splitting
(ED, Phong 1988-91)

— Approach via holomorphic super-Riemann surfaces
(Witten, arXiv:1209.2459, 1209.5461, 1304.2832, 1306.3621)

e Full amplitudes will be constructed by pairing left and right

— cfr “double copy construction”
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Conformal structures and deformations

e An orientable 2-dim manifold with Riemannian metric is a Riemann surface
— complex manifold (holomorphic transition functions)
— complex structure J : T'(X) — T'(X), J? = —I is integrable
— in terms of the metric and local coordinates, J™,, = /g " epy
— Moduli space M, = {J}/Diff (%) of genus h Riemann surfaces

e Moduli space itself is a complex “manifold” (actually orbifold)
— Its tangent space splits T'(M ) = T{1,0)(My) & T{0,1)(My)
— associated Beltrami differentials 0J = 0J:* © 6J.7

0 h=0
dime M, = 1 h=1
3h—3 h>2

e Beltrami differentials provide a parametrization of finite deformations
— Fix complex structure J and associated local complex coordinates (z, Z
— metric is conformally flat ds® = |dz|?
— finite deformations to ds® = |dz + ps*dz|* with duz* = §J;*

N——"



Eric D'Hoker Superstring Amplitudes beyond Tree-level

Super conformal structures

e Super Riemann surfaces (Friedan, Martinec, Shenker 1986)
— complex dimension 1|1 locally isomorphic to C**
— transition functions are superconformal in z|0
— transforming the superderivative Dy = 0y + 00, by scaling

f:(210) — (2]0) Dy = F(2,0)D;

— Locally: generates the holomorphic N/ = 1 superconformal algebra
— Globally: T3 has a completely non-integrable subbundle D of rank 0|1
— Moduli space 9, = {J}/Diff (%)
— equivalence classes of superconformal structures [/
0[0 h=0
dime My, = 1|0 or 1|1 h =1 even or odd spin structure

3h —3|2h —2 h > 2
— odd modulus at h = 1 odd spin structure is a book keeping device
— odd moduli really first appear at genus 2

— Global extension to SRS with NS and R punctures (Witten 2011)
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Superstring worldsheet and moduli spaces (witten 2011)

e Heterotic
— Left : Riemann surface ¥, moduli space M,
— Right : super Riemann surface X i, moduli space Mg
— Worldsheet is a cycle > C X1, x ¥ of dimension 1|1
subject to Y eq = diag(Xy red X XRred) : Z = Z + nilpotent
(reduced space obtained by setting all nilpotent variables to zero)

— Moduli space is a cycle I' € M, x Mg of dim 3h — 3|2h — 2 for h > 2

o Type Il
— Left : super Riemann surface X7, moduli space 9y,
— Right : super Riemann surface Xr, moduli space Mg
— Worldsheet is a cycle ¥ C ¥ x X i of dimension 1|2
subject to Y eq = diag(X 1 red X X Rred)
— Moduli space is a cycle I' C 9017, x My of dim 3h — 3|4h — 4 for h > 2

e Super-Stokes theorem ensures independence of the choice of cycles
— in amplitudes with BRST invariant vertex operators
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Worldsheet action for Heterotic strings

e Worldsheet is > C > x Xp
— superconformal structure J for ¥ with local coordinates z|0
— conformal structure J for X1, with local coordinates Z

XH(Z,2,0) = 2M(%,2) + 09"(Z, 2)
Az, 2,0) = X(Z,2) 4+ 007z, 2)

e Superconformal invariant matter action

In[XH A T, J) = /

(dzdz|do) [agXMDQX“ +3° AO‘DQAQ}
E (04

— Integrating out 6, we recover familiar action
Ty = / dzdz [agx“azxu + P 0z + > (ANTOAT + eaea)]
— Superconformal algebra on fields generated by

1 1
Tzz — _58,233“87337“ + §¢Maz¢,u
Sz@ — ¢Mazm,u
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Deformations of superconformal structures
e Under deformation of the conformal structure ./ on Y,
0 = / dzdz 6.7 Ts:
e Under deformation of superconformal structure 7 on >
o1 = / dzdz [6J5° Ty, + 0x:" Sl

- x:¥ is the “worldsheet gravitino™ field
—0J and ¢J are even Beltrami differentials

e Assemble deformations into super-conformal invariant action

Sz@ — Sz@ + HTzz
(Sng = (SJ'Z‘Z + 6(5}(59
5H95 — 55J~z2 ~+ auxiliary

5] = /[d2d2|d9] (5H5Z ~0 + 5H92ng)
by
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Full Heterotic string amplitude

e Parametrization of the deformations ¢ H-* and H,” by slice in {7, .J}

SH:* = 0:V'+ ) Hadma Hy =075 /0ma
A
SHy> = DogV*+ > Hedm, H, = 8(0J.7) /01,
— Introducing ghost fields
V= O =" + 04° SH:* — B,y = B.o + 6b..
Vi s Cf=¢" -+ aux 5H9'g — ng — bz; + aux

e Super conformal invariant ghost action

I = / [dZdz|d0] [Bzgagcz + B::DgC” + B.g »  Hadma+ Bz » ﬁadma}
> A a

e Assembling all factors, we obtain the integrand on M x iy

/D(XBBCO) ViV, H[dﬁladmA] ) (<B,]Z[a>) 5 ((B, Hy)) o~ IM—Igh
a,A

— V1 ---V, are BRST-invariant vertex operators.
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Chiral amplitudes via Chiral splitting

e In Type Il superstrings, both > and > are super Riemann surfaces
— Deformation must involve independent y:? and .’ ~
— ghosts B, C' couple only to x:? and B, C only to .’
— 2-d supergravity action for X* couples left to right chiralities

~

Im — / d2Z {az$'u02$u =+ ¢Mai¢u o X29¢Maz$u T X29X2é¢u¢y
DY

e Chiral splitting is established at fixed internal loop momenta
— Fix canonical homology basis A;, By, I =1,---,h on X of genus h
— h independent internal loop momenta p'; are defined across the cycles A;
(Verlinde, Verlinde; ED, Phong 1988)

pl; — % dz 8,233” + dz 8533“
A A

— Amplitude is an integral over pf of a product of chiral amplitudes

/10 dp FL(MZ » Xz 7817kzap]>FR(:u227X297§i7kiapl;>
R

— with k; external momenta, and polarization tensors €t = 'g¥
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Chiral amplitudes

e Chiral amplitude /5, has supermoduli deformations of only >
(similarly F;, has supermoduli deformations of only X))
— Fr computed with effective rules for chiral fields ., "
— and chiral vertex operators V}' - - - Vi

Fr= <ViF s V]—{\_] €p? I dzaszr eXp/ dgdz(:uiz zz T XZQSz9>>
by

red T4, P
— with stress tensor and supercurrent evaluated on chiral fields ., ¢
T, = 8 :U“(‘? 37+77MV+ w z¢+77;w+ s (b, c, B,7Y)
Sz@ — ——10“3 CU+77;W + S Q(b C, B ’7)

- (- ->x+,¢+ indicates Wick contractions of x*fr, ¢i with
— effective chiral Green functions

<¢i(z)¢i(w)> = —n"S(z,w) Szego kernel
(zh (2)z" (w)) = —n""InE(z,w) prime form
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1. Parametrization of supermodauli

e Superconformal structure 7 € 91, specifies transition functions
— Practical calculations mostly use parametrization by gravitino field y 3’

e Local parametrization of bosonic moduli (in conformal-invariant theory)
— Complex structure .J with metric g = |dz|? in local coordinates (z, 2)
— deformation of complex structure by Beltrami differential to ¢’ = |dz + pdz|?
— realized in CFT by insertion of | dZdz puz*T..

e Local parametrization of supermoduli (in superconformal-invariant theory)
— Start with Y,.q with complex structure given by J € M eq
— Deformation of super conformal structure realized by insertion of 7" and S

/ dzdz (,ng sy T XEQS,w)
Ered

— x and p parametrized by local odd coordinates on 91},
— nilpotency guarantees that these deformations are exact

e Globally, there is no holomorphic projection 9)i;, — M, for h > 3
(Donagi, Witten 2013)
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The super period matrix

e For / = 2 and even spin structure there is a natural projection )i, — M,
via the super period matrix (E.D. & Phong 1988)

— Fix canonical homology basis A;, By for HY(X, Z) )
— There exist h = 2 superholomorphic forms w; with super periods 2

jg Wy =017 jg wy = Q17
Ag By

— Explicit formula in terms of (g, x), and Szego kernel Ss

Qpy=Qpy— - / / wi(2)x(2)S5(z w)x(w)w s (w)

— QU IS Jocally supersymmetric with QU — QJ[ and ImQ > 0
— Every () corresponds to an ordinary Riemann surface
— Szego kernel Ss(z,w|2) is non-singular on M

= Projection using () is holomorphic and natural for genus 2
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Projecting and pairing Chiral Amplitudes

e Chiral Amplitudes on )i,
— Natural supersymmetric parametrization of 9, by (QU, )
— involve measure du[8](€2, ¢) and correlation functions C[8](e;, ks, pr|€2, €)

e Projection to chiral amplitudes on M, A
— by integrating over ¢ and summing over ¢ at fixed (2

Ren ki prlQ) = Z/duw]@,ocwa,ki,pm,o

LG ki pilQ) = Z/du 5162, &) CI81(&s, ks pir] 2, €)

— for heterotic, L is chiral half of bosonic string, has no integral in ¢
— phase factors determined by Sp(4,7Z) modular invariance

e Pairing left and right chiral amplitudes, integrating over p; and ()

AP (e, &, k;) / dQ/dp’fR eir ki, pr|Q) L&, ki, pr|Q)
Mo

— Integral over p; can be carried out explicitly.
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Singularities in the projection 9, — M,

e Projection 9)i;, — M is holomorphic, but integration extends to boundary
— are there singularities on the boundary of 91, 7

o_ (T U u — 0 separating node
- \u o o — 100 non-separating node

— Key ingredient in Q) is the Szego kernel

V[0](z — w|2)

18] (0| E(z, w)

— As u — 0 we have 9[5](0|Q) — 9[8:](0]7) 9[65](0]7)

— Even 6 = [0, d2] with 61,2 odd produces a singularity in Ss and 9

Ss(z, w|Q) = =

e Physical effects
— singularity killed by v-zero modes in R (space-time susy)
— contribution when susy is broken by radiative corrections (Witten 2013)
— Two-loop vacuum energy in Heterotic strings on CY orbifold C3/Zy x Z,
* zero for Egs X FEg — Fg x Eg with unbroken susy
* non-zero for Spin(32)/Zs — SO(26) x U(3) with broken susy
(ED, Phong 2013; Berkovits, Witten 2014)
— One-loop susy breaking (Attick, Dixon, Sen; Dine Seiberg, Witten 1987)
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Singularities in the projection i3 — Mj

e Some basic structure theorems
— A hyper-elliptic surface is a branched double cover of the sphere S?
— All genus 1 and all genus 2 surfaces are hyper-elliptic
— Hyper-elliptic surfaces form a subvariety of M3 of complex codimension 1
(referred to as the hyper-elliptic divisor)

e The period matrix (for even spin structure) for genus 3 is given by

Q]J —Q]J——//CU[ S(s Z w)x(w)wj(w)—l—(’)(x4)

— For genus 3, 9[6](0[€2) = 0 for some § on the hyper-elliptic divisor of 913
(which crosses the interior of 913)
— the presence of additional Dirac zero modes kills the effect of this singularity

— But it is another & that produces a singularity in Q (subtle) (Witten 2015)
— Rules out earlier proposals for the genus 3 superstring measure
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IV. Low Energy Effective Interactions

e Four-graviton amplitude in Type Il at genus 0

1 T(1—s)T(1—t)D(1 — u)

AW = KK
stu '(14+s)T'(1+¢t) T (1 4+ u)

— Low energy expansion corresponds to |s|, |t|, |u| < 1

L + 2¢(3) + ¢(5)(8% + 7 +u?) +2¢(3)*stu + - - -

stu

massless RA D*R* DR

— Exchange of massive string states produces local effective interactions.

e Four-graviton amplitudes in Type Il at higher genus
— provide effective interactions of the type D?*“R* for w > 0

— interplay with predictions from supersymmetry and S-duality in Type |IB
(cfr talk by Michael Green)
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Genus-one effective interactions in Type ||

e Recall the Type Il genus-one four-graviton amplitude,

- d?r
KK B(l)(swh)
My 7-2

d?z;
B (si]7) = H/ & exp Sz‘jG<Zi_Zj‘7_>}

1<J

AD (g k)

e For fixed 7, expansion of 5" in powers of s;;
— finite radius of convergence |s;;| <1
— integrals fz4 G are convergent modular functions, contribute to D?“R*
— G is given by a Fourier sum over torus momenta (m,n) € Z*

T2 mi(mpB—nao
Gla+ B1|T) = Z o ee—E g2mi(mpf—na)
(m,n)#(0,0)

e Integrating 3" over 7 produces branch cuts in s;; starting at 0
— extract non-analytic part in s;; prior to extracting effective interactions




Modular graph functions

e Graph in the expansion of D?*“R* —> Modular Function

D*R* « e
DiRE e
]

D10R4

N O] O
> >0
(



DAR?

D6R4

D®R*

D10R4

1> ¢

N OO

one-loop

two-loops

Modular graph functions



Eric D'Hoker Superstring Amplitudes beyond Tree-level

One-loop : Eisenstein series

¢ One-loop worldsheet Feynman diagram with k& bivalent vertices

d? zZ T2k
— Zi+1|T) =
I/ n= Y
e Non-holomorphic Eisenstein series are defined by,

Bm= Y P

2
p=m-+1n#0 m ‘p| ’
m,ne”Z

e Properties

— absolutely convergent for Re(s) > 1; analytically continue to s € C
— reflection relation I'(s)Es(7) =T'(1 — s)E1_4(7)

— modular invariant under SL(2,7Z), Es(7") = E(7) with 7" = Z;J_rg
— Laplace-eigenvalue equation,

(A — s(s — 1))E8(7') =0 A = 47150,0;
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Two-loops : modular graph functions

e Feynman diagrams evaluate to the modular functions

Corasas(™ = 3 (Z”>H( )

pr=mr+71nr#0 r=1
my,nrel, r=1,2,3

— contribute to D?“R* with the weight given by w = a; + a3 + as
— satisfy (inhomogeneous) Laplace-eigenvalue equations

w=3 Cir11 =69 (A —0)Cy,1,1 =6F3
w =4 C12,1,1 — 6 (A — 2)027171 = 9E4 — E%

w=>5 C31,1 = g (A—=6)Cs11=3C221+ 16E5 — 4E5F5

w=>5 Cao1 = @ (A —0)Cs21 =8E5

— Note that eigenvalues are of the form s(s — 1) for s =1, 2, 3;



Structure Theorem

e C,p.(7) are linear combinations of modular functions €,,...,(7) satisfying
(A — s(s — 1))Q:w;s;p = Sw:sip (ES/)

— Cyisip and §yys:p Of weight w = a + b + ¢ (with E/ assigned weight s);
— § is a polynomial of total degree 2 in E, with 2 < s’ < w;

S = w — 2m mzl,---,[w_l} p:O,---,[S_l}
2 3
e Examples at low weight
w =3 s=1 0(1)
w =4 s = 2 2(1)
w=>5 s=1,3 o ¢ 6
w =6 s =24 2 ¢ 123
w="7 s=1,3,5 o @6 @ 20?
w =8 s =2,4,6 2 312 g 30
w =9 s=1,3,5,7 0V @6 g 20? ¢ 42
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Constructive Proof

e A natural generating function is given by,

W(th, ta, ta|T) = Z 9T Oy b o (T)

a,b,c=1
Summing gives sunset diagram for three scalars with masses —t,.,

Wty ta, ta|7) = > (Zpr) H ( : )

pr=mgp+7nr#0 prf?/72 =t

mr,nTEZ

e Laplacian given by differential operator in the masses acting on )V,

AW — £°W = quadratic polynomial in E,

— Polynomials in ¢, homogeneous of degree w on hyperbolic plane
— £2 is the quadratic Casimir of SO(2, 1) acting on this hyperbolic plane

e SO(2,1) representation theory gives constructive proof of Structure Theorem.
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Type 1IB effective interactions at genus-two

e Recall Type |l four-graviton amplitude at genus 2,

AP (e ki) = KK [ dpa B®(s45]Q)
Mo

B3 (s:5|Q) = / YAY eXpZSij G(zi, z5)
x4 i<j
- Y =1(s—1t)A(z1, 23) N A(24, 22) + 2 permutations;

— A(zi, 7;) is a holomorphic form independent of s, ¢, w.

e Contributions to local effective interactions,
-~ R* : zero, since ) vanishes for s =t = u = 0:
— D*R* : non-zero, B?) constant on May;
— D%R? : non-zero, one power of G brought down in integral over ¥4;

B3 (5:;|Q) = 32(s? + t* 4+ u?) + 192 stu p(Q) + O(s?, - )

— (p(£2) coincides with the Zhang -Kawazumi invariant [ED, Green 2013].
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The Zhang-Kawazumi invariant for genus-two

Eric D'Hoker

e The ZK-invariant is given as follows

se() = 3 (Vi)' Viek = 22 Yid) [ Gleser(@)ws@en ()wr(y)
1,J,K,L 22
— equivalent to definition via Arakelov geometry [Zhang 2007, Kawazumi 2008]

o Coefficient of genus-two D°R" interaction involves [,  dj>¢(Q)

— Direct evaluation appeared completely out of reach ... until ...
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The Zhang-Kawazumi invariant for genus-two

Eric D'Hoker

e The ZK-invariant is given as follows

se() = 3 (Vi)' Viek = 22 Yid) [ Gleser(@)ws@en ()wr(y)
1,J,K,L 22
— equivalent to definition via Arakelov geometry [Zhang 2007, Kawazumi 2008]

o Coefficient of genus-two D°R" interaction involves [,  dj>¢(Q)

— Direct evaluation appeared completely out of reach ... until ...

e Theorem [ED, Green, Pioline, R. Russo 2014]
(A —=5)p=—27mdsn

— A is the Laplace-Beltrami operator on My with Siegel metric ds3;
— dgn has support on separating node (into two genus-one surfaces)
— The integral over M5 reduces to an integral over O M5

273

1
do p = —/ dus | Ap + 2mosy | = —
/M2 5 J My ( ) 45



Supersymmetry and S-duality

e Laplace-eigenvalue eq from space-time supersymmetry
— Eisenstein series = unique modular solution with polynomial growth at cusp

e Predicts vanishing contributions for high enough loop order,

R* 1/2 BPS h > 2 ks

2

D*R* 1/4 BPS h >3 Es
DR’ 1/8 BPS h > 4 (A = 12)€pops = (By)”

e Predicts relations between non-vanishing contributions (e.g. with tree-level),

R? h=1
D*R? h =2
D°R* h=2 (ZK)

h=3
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Speculation

e Can ambi-twistor prescription be obtained from chiral amplitudes ?

1. Moduli space compactified by Deligne-Mumford divisors A = 0;, — My,
Reducible to separating and non-separating divisors with normal crossings
Non-separating divisors Ag define cohomology class
— Instead of integrating over 2}, integrate over A

2. Rescale loop momenta p Im(Q);p'; — 0507

3. Superconformal structure deformations 0,,,, — insert T, and d,,9 — insert Sy

F = exp {i?Tpr—l—27T’l:pZ kZ/ Z w—i—Z(kikj In E(%,j) —ie;k;0; In E(2, )+ - - )}

1<J

Variational equations 8., F = II(w)?F
" (w) = wiprwr(w) + Z(k’ia"” In E(w, 1) + €;0,0; In E(w,7) + - )

requirement that the dependence on moduli be “topological”



