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‘ Outline |

|. What is the AdS/CFT correspondence ?
— N = 4 Super Yang-Mills theory;
— Type IIB String Theory and Super Gravity;

Il. Generalization (1) Geometries with supersymmetry
— Sasaki-Einstein manifolds

lll. Generalization (2) Geometries with a planar interface
— exact solutions without/with supersymmetry

— relation with integrable system

V. Some open problems
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‘ I. The AdS/CFT Correspondence |

The AdS/CFT correspondence is a conjectured equivalence between,

N = 4 Super Yang-Mills < Type IIB string theory
on flat Minkowski R* on AdSs x S°

Yang-Mills Theory & A Theory of gravity

Maldacena (1997);
Gubser, Klebanov, Polyakov (1998);
Witten (1998)
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‘ N = 4 Super Yang-Mills I

e Yang-Mills theory with gauge group SU (V) on flat Minkowski R*;

A SU(N) connection 1 of SU4)r
Y a=1,---,4 4 Weyl gauginos 4 of SU4)gr
¢ i=1---,6 6 real scalars 6 of SU(4)g

e All fields transform in the adjoint representation of SU(N);
— field strength F=dA+ANA
— covariant derivative D¢ = d¢ + [A, @]

e [he Lagrangian is given by

L= —QLQQWQF\? + | D@ + inhy - Dy — %W, &7 —¢'Cp'[9’, ¥])
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e The theory is invariant under extended Poincaré supersymmetry,

{Q.Qu} =0y P  ab=1, N =4

which maps the fields as follows, A © (0 © 1) © (0 2.4

e N =4 is the maximal Poincaré supersymmetry in YM theory.
— SU(4) R is the automorphism group of the superalgebra.

e [ invariant under conformal transformations SO(2,4) ~ SU(2,2),
— classically and quantum mechanically .
— adding conformal supersymmetries S¢ and S¢

— Full invariance group is SU(2,2[4) D SO(2,4) x SU(4)r

e Adding to L the second Chern class 0 trF' A F,
— the complex coupling 7 = 0 /27 + 4mi/g* has
— SL(2,7) acting by 7 — (a7 + b)/(cT + d) (Mononen-Olive)
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‘ Type |IB String Theory I

e Type IIA and Type |IB have maximal N' = 2 supersymmetry;
— The IIA and |IB massive spectra coincide.
— IIA has massless forms of rank 1, 3, (D0, D2, D4, D6 branes)
— 1IB has massless forms of rank 0,2,4, (D1, D3, D5, D7 branes)

. . 1
e The massive string states are heavy (/)2 ~ 10'x proton mass.

1
— At energy scales < (o)~ 2, only the massless states matter;

e At low energy, Type IIB string theory reduces to Type |IB supergravity.
— Advantage : supergravity may be described by local fields.
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‘ Type |IB Supergravity I

e The fields of Type IIB supergravity on M are

uv metric u,v=>0,1,---,9
T complex axion/dilaton T = dr/ImT
B(g) complex anti —symm  field strength G 3
Cla real anti — symm field strength F{s)
Y, gravitino Weyl spinor
A dilatino Weyl spinor

e The anti-symmetric tensor fields are generalized gauge fields, eg

G(g) = (dB(Q) — TdB(Q))/ImT 53(2) = db(l)
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e Supersymmetry tranf. for the spinors are (vanishing fermions)

i 1 )
(Swu = V,Jf: -+ Z(F(g;) . F) FME — 1—6<FIUJ(G(3) . F) + 2(G(3) . F)F,u)c‘f

e Here, I'* form a representation of Cliff(1,9), and

1
Hpy -1 = mHm...unF[MI‘M .. Tl

e The field eqs consist of the self-duality relation x5y = F(5) and, eg

_ 1 1 _
Ry = 2T, 1y + 6<F(25))“” + ﬂ(G(3)G(3))W/
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‘ Anti-de Sitter space AdS;5 I

o AdS, 11 is the Minkowski signature hyperbolic upper half space.
— A global parametrization is by coordinates (z_1,xg, 7) € R""2,

—L* = —(z-1)" = (20)” + ()"
ds?qunﬂ = —(dz_1)? = (dzp)? + (dT)?
— The isometry is SO(2,n), specifically SO(2,4) for AdS5.
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‘ AdS/CFT — mapping parameters |

SYM on R* & Type |IB strings on AdSs x S°
gauge group SU(N) & Jos Fi5y =N
gauge coupling ¢° = gs = 4mg? string coupling

't Hooft coupling g°N < radius L* = g,N(a/)?  of AdSs and S°
large N (fixed g°N) & classical strings (still unsolved)

also large g° N & Type |IB sugra on AdSs x S°
(this is tractable)
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‘ AdS/CFT — mapping symmetries |

SYM in d=4 < Type lIB strings  on AdSs x S°

SO(2,4) conformal = S0(2,4) isometry of AdS5
SU(4)g automorph. = SU(4) ~ SO(6) isometry of S°
SU(2,2|4) superconf. = SU(2,2[4) “isometry”

SL(2,7) duality = S-duality strings SL(2,R)

(in supergravity)
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‘ Holography I

o The AdSs x S® metric is ds® = g% dzrdz" + g3,dy“dy"

o Fields ¢ on AdSs x S° are decomposed in spherical harm. YA on S°,

$(z,y) = Y da(2)Ya(y)
A=0

e The fields oA couple via the boundary of AdS5

oA(Z) = limO z§_4gbA(zO, )
z0—

12



Eric D’Hoker Columbia AdS/CFT

‘ Il. Generalizing the AdS/CFT correspondence |

e Only asymptotically conformal, asymptotically AdS5 x M5
— Even with supersymmetry, this is the hardest case
— Physically the most interesting
— (Klebanov Witten; Polchinski Strassler; Klebanov Strassler)

e Still conformal SO(2,4) invariant, hence AdS5 x Ms,
+ Less supersymmetry (e.g. N = 1)

e Conformal subgroup SO(2,3) invariant, hence AdS, x Mg,
+ Yang-Mills theories with a planar INTERFACE

13
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‘ AdS/CFT with conformal supersymmetry |

e Seek general solution with
— SO(2,4) conformal invariance
— at least NV = 1 supersymmetry, SU(2,2|1)
— constant dilaton T, B(g) =0

e Of the form AdSs x Msj.
— Field equations require M5 to be Einstein.
— Supersymmetry requires M5 to be Sasaki.

e The dual Yang-Mills theory has N =1 supersymmetry:
{Qaa QB} — ’YZBP,UJ

— always has a U(1)r symmetry
= the automorphism group of supersymmetry algebra
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‘ My is Einstein I

e Express the metric in terms of an orthonormal frame e“
_ds?axds5 :nabea@)eb, with a, b =0,1,2,3,4
— ds}, = dape” @ e, with a, b = 5,6,7,8,9

o Self-duality *F(5) = F(5) requires
Is) = <_601234 + 656789), using notation e“17" = "1 A ..o A 7
e The Type |IB supergravity field equations then reduce to

1 _4nab CL,b — 071727374

Rab — E(F(Qg)))ab —
+404, a,b=5,6,7,8,9
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‘ M5 is Sasaki I

e Supersymmetry of a field configuration requires
— vanishing gravitino variation 0v,, = 0,

V€ + %(F@) .T)T,e =0, F5)- T = —[01234 4 196789

e On M5, reduces to Ve + %Pas = (0 having non-zero solutions ¢;

e This may be used as a definition of M5 being Sasaki. Alternatively,
— the cone dr® + 1?ds3, over Ms is Kahler.
— holonomy group is reduced to a subgroup of SU(3).

e Sasaki-Einstein manifolds have at least one Killing vector
— which generates the U(1)z of the YM theory
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‘ New Sasaki-Einstein manifolds I

e There are infinite series of N/ = 1 superconformal Yang-Mills theories.
— now having product gauge groups [ [ SU(N;),
— with various assignments of U(1)g charges

e.g. Benvenuti, Franco, Hanany, Martelli, Wecht

e Thus, one expects discrete infinite series of Sasaki-Einstein spaces Ms5;

e Foliation of Ms by U(1)z: leafs M, are locally Kihler-Einstein;
— REGULAR: free action by a circle; all M4 known (Tian, Yau 1987)
M4 — C'P?, then M5 = S° original AdS5 X S°
M, = CP! x CP!, then M5 = T = (SU(2) x SU(2))/U(1)
— QUASI-REGULAR: orbifold of circle action; rational [U(1)p charges
— IRREGULAR: U(1)p orbits do not close, irrational [U(1)y charges

e Inhomogeneous quasi-regular Sasaki-Einstein metrics exist on S? x S°
(Boyer, Galicki, Nakamaye 2001)
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e Explicit construction, including for the metric, exists for an infinite series,

e Theorem (Gauntlett, Martelli, Sparks, Waldram 2004)

— For every positive curvature 2n-dimensional Kahler-Einstein Bs,,,
There exits a countable infinite class of compact Sasaki-Einstein
manifolds X5, .3 of dimension 2n + 3;

— The holonomy group of X5, 13 is a subgroup of SU(n + 2);

— The isometry group D G x T? as subgroup, (G = isometry of Bs,,).

e Locally, the metrics are given explicitly,
ds® = p*dsg, +u(p)~'dp® + p*u(p)(dr — A)* + (d¢ — 0)?

— dA is the Kahler form of Bs,,,

—u(p) = a+ bp? + cp~ 7", with a, b, ¢ discrete
—do = p*dA + p(dr — A) Ndp

— some of these are of irregular type
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I1l. Interface AdS/CFT

N=4 SYM

N=4 SYM

YM theory has SO(2,3) conformal symmetry of planar interface;

Type |IB solution given by AdS,-slicing, which is asymptotically AdSs;

Varying YM coupling, hence varying dilaton;
Closely related to boundary CFT (Cardy; Sen)

Developed in Bak, Gutperle, Hirano (2003);
D'Hoker, Estes, Gutperle (2006).
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‘ Classification of supersymmetries on YM side I

e Generically, interface breaks supersymmetry;

e Restored by adding interface operators, modifying transformation law;

0 supercharges
2 supercharges
4 supercharges

8 supercharges

S0O(2,3) x SU(4), (non-supersymmetric Janus);
OSp(4|1) x SU(3); (Freedman, Karch, Schnabl)

OSp(4|2) x SU(2); (D'Hoker, Estes, Gutperle)

OSp(4|4); (")
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‘ The Janus solution with no supersymmetry I

e The solution is a 1-parameter deformation of AdS5 x S°;

ds® = f(u)*(dp® + dsys,) + dsgs ¢ = o(u)
AdSs x S® has f(u) = (cos u)~', with € [-Z, I] and ¢ constant.
e Janus is an exact solution, given by an elliptic integral,

f2df2

e = e ¢ () = cf ()™

where 1 € [— e, pe], With p. > 7/2; non-singular for 0 < ¢* < 81/32.
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‘ Janus with varying axion I

e Type IIB supergravity has SL(2, R) symmetry, mixing dilaton - axion.

e All solutions with axion are SL(2, R) images of solutions without axion.

P
) SL(2,R)

pure LT~

dilaton N .

solution )
dilaton/axion
solution

X
pr o p p+r
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The Janus solution for the SU(3) theory

e SO(2,3) requires AdSy-slicing of AdSs;
e SU(3) singles out S fibration over C'P;
e SL(2,R) symmetry of Type IIB realized on family of Ansatze

ds? = fH(dp® +dshys,) + fR(dB+ AP + fidsEp,
By = [f3A2+ g3As + f6 K
Fs) = f4_5gf3 (01234 | 56789

o K = dA; is the Kahler form on C P,
o A, is the unique SU(3)-invariant form on S,

e The dilaton ¢, the coefficients fi 5346 and g3 5 are functions of y only.
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‘ Conditions for supersymmetry I

e Recall the vanishing of the susy variation (or BPS) equations,

: 1 x {/
0 = I-I'B'e — (G- Te
i 1 1 %
0 = D+ Z(F@ T)T e — 1—6(FM(G<3) T) +2(Gz)-I)I,)B e
e The antisymmetric 3-form is given by complex functions a, b, ¢, d,
Gy = (ae® —ibe*) A Ax + (ce® —ide™) A Ag
a = =3f{ [, f(fs— Bgs) ¢ = a(fs < gs)

a
b = —fi'fa2f(f5— Bgs) d = b(fs < gs3)
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e The remaining condition from the dilatino equation is

(c+d)(c—d)" = fB*(f2)~ f=Q0—[Bf)~"?

e The gravitino equation along the directions 4,5,6,7,8,9 require
i 1 fifa i
E o 2f2B/(36LC - bd) f22 Jafs = 2f2B/(ad + bC)
fy _ i fo _£ifs __fF
T 2fQB’(aC + bd) 7 i 3f2B’(ad be)

e The gravitino equation along the directions of AdS, require

i (f_ f_4>2_1
f3 f2+f4 -

e This is closely related to a Toda integrable system.

25



Eric D’Hoker Columbia AdS/CFT

‘ Exact regular supersymmetric Janus solutions I

e Numerical analysis of the BPS eqs indicates singularities unless a = 0.

e For a = 0, the solution is regular, and asymptotically AdSs5;

e BPS egs decouple, may be integrated in terms of a single function v,
(fa)* = p*(¥ ™" + o%®) fi=v/fa ¢ = 959 (fa)°
fo = p/(f1)) etc
e The function 1) is given by an Abelian integral of genus 3.
(') = (1+ 0209 —

e The family of solutions has 2 continuous parameters p, o.
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‘ Numerical Results I

Columbia AdS/CFT

e For 3 sets of parameters p, o, plots of f4 (left) and f1, fo (right),
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‘ Summary and Open problems I

e The space-time part of a Type IIB solution restricts the internal space
- R* x Kg requires K Calabi-Yau;
— AdS5 x M; requires My Sasaki-Einstein;
— AdS, x R x N5 interface requires N5 as deformation of S?;

e General case of interest includes supersymmetric solutions of the form
— Y5 X A5 and X5 has Poincaré 150(1, 3) isometry;

e Especially interesting is X5 interpolating between
— two asymptotic AdS5 with different radii;
— which represents two end points of renormalization group flow.

e What is the general relation between >5 and A5 7
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