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Motivation

e Key goals of this workshop include
* Understanding the function spaces in which
quantum field theory and string theory amplitudes take their values
* Via algebras of functions that close under differentiation and integration
* Rendering integrations “algorithmic”

e Key themes towards these goals include
* periods / polylogarithms / elliptic / Calabi-Yau
x Grassmannians / Amplituhedra / other —hedra
* cluster algebras

e Several speakers have advocated the need for a “larger structure”
* more symmetry
* larger algebras
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This talk

e Polylogarithms on arbitrary Riemann surfaces
* In an arbitrary number of variables (motivated by string theory and QFT)
* closure under integration requires “Fay identities”
= quadratic relations between integration kernels

e Key results of this talk 2r<iv:2602.01461 and 2602.09108 with Oliver Schlotterer
* Polylogarithms will be defined in terms of flat connections
valued in infinite-dimensional Lie algebras
* Fay identities are equivalent to flatness of a connection
* Flatness ensures integrability of an associated linear problem
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e May remind you of a famous non-linear < linear map |1« 1963
* Solution to non-linear differential eqs by Lax pairs and inverse scattering
* The KdV equation may be recast in the form of a Lax pair
OV +8,(0V -3VH=0 &  §L=]IL,A]
and is solved by inverse scattering of the Schrodinger equation
Lip(x) = —0.(x) +V(2)yp(z) = Ey()
A = 49’ -6V, —3(8,V)
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Polylogarithms from flat connections

e Flat connection 7 ()
— valued in Lie algebra g on a Riemann surface X (possibly with punctures)

d I (2) = T () NT (x) =
e Flatness of 7 (x) guarantees integrability of the equation
d.I'(z,y) = J(x)l(z,y)

e The integral along a path +,, from y to x is homotopy-invariant
— i.e. depends only on the homotopy class [7y,] of the path vz,
— and may be obtained by iterated integrals over J (x

F(x,y)zl—l—/y j(zl)—l—/ zl/ J(z2) +

where each integral is along the path v,
— The result is, generally, multiple-valued in x € X
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Polylogarithms from flat connections (.

e Consider a Lie algebra g that is freely generated by ¢ = {¢,--- ¢, }
— A word is an ordered sequence of letters (e.g. wv = c3cicace when n > 3)
and takes values in the universal enveloping algebra of g
— Taylor expanding I'(x,y) in words to produces generalized polylogarithms

L(z,y) = > wI(z,y;w)
e (c)

where W(c) is the set of words formed from the letters ¢y, -+, ¢y,.

e The homotopy-invariant I'(z, y; ) are generalized polylogarithms
— Definition extended to the algebra of words by linearity

C(z,y; Aoy + prog) = AT (z, y;07) + p Tz, y; 102)

— Close under multiplication

D(z,y;00)0(z,y;02) = ) D(x,y;w)

tELL oy

— Close under differentiation



Eric D'Hoker Flat connections, Fay identities and polylogarithms on arbitrary Riemann surfaces

Flat connections on the sphere

e The algebra of rational functions on the sphere
* 1s closed under differentiation, but not under integration

e Standard polylogarithms on the sphere form an algebra
* that closes under differentiation and integration
* and may be generated with the help of a flat connection

e KZ connection in one variable = € S? with punctures p; [<nznnik, Zamolodehivoy 105

T () :Z c; dx

i—1 T Pi
* Meromorphic and single-valued on X, flat on X ~ {p1,--- ,pn}
* For freely generated g = {c1, -+ , ¢} gives polylogarithms [concharo

e Closure under integration in x requires various identities
* e.g. express products of simple poles by partial fraction decomposition

1 1 ( 1 1 >
(x —pi)(x —p;) pi—pj \&—p; T —p,
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Flat connections on the sphere (o

e Trade punctures for additional “variables” = multivariable connection

% on configuration space * = (x1, -+ ,x,) € Cf,(X) = X" \ {diagonals}
dﬂ?i — dﬂ?j
=% ti; tii =t
J(x) C - j j =y

x holomorphic and thus closed d7 = 0 on Cf,,(X), so flatness reads
dJ —JINT =0 = \J,J] =0

* The algebra g is now no longer freely generated by the ¢;;
instead, it corresponds to the braid algebra

Lijs tee) = [tij + ik, tjk] =0

for 1, 7, k, ¢ mutually distinct
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Flat connections on the torus

e Torus > = C/(Z + 77) with modulus 7 satisfying Im (7) > 0
* Elliptic functions on the torus play the role of rational functions on the sphere
* Algebra of elliptic functions closes under differentiation but not integration
* Elliptic polylogarithms may be generated by flat connections

e The Lie algebra g is freely generated by a, b
* allow one simple puncture p (higher order punctures see [Enriquez Zerbini 2022])

e Meromorphic flat connection [ i racinet 2007 Calaque, Enriquez, Etingof 2009]

91(0)01(z + a)
91(2)01(a)
x multiple-valued 7 (z + m + nr;p) = e 2™ 7 (2; p) for m,n € Z

Jz,p) = dz F(z — p;adp) ady a F(z;a) =

e Analog of partial fraction decomposition to integrate products
— Fay trisecant identity [ray 1973 for the torus

F(z—p;a)F(z—q¢B) = F—q¢p)F(z—pa+B)
+F(q —p;)F(z — ¢+ )



Flat connections on the torus (oo
e Meromorphicity, simple poles and single-valuedness are in conflict

e Single-valued non-meromorphic flat connection

dz — dz

jBL(Zyp) B, W, b+ 627Ti(z—2)/(7—7_')adb j(sz)

T—T

e Integration kernels for the construction of polylogarithms
* obtained by Taylor expanding in b

J(z,p) = dza-+dz Z g(r)(z —p)ad,a
r=1

dz — dz
Je(z,p) = 2mi

b+ dza+ dsz(T)(z — p)ad,a

T — T —1

* The kernels ¢{")(2) are meromorphic but multiple-valued on %
* The kernels f")(2) are single-valued on ¥ but non-meromorphic

e Both connections generalize to several variables and/or punctures
* in terms of the same integration kernels
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Riemann surfaces of arbitrary genus

e Compact Riemann surface > of arbitrary genus /» > 1
* Homology group H1 (2, Z) admits non-degenerate intersection pairing J
canonical basis &', %3, has 3, A7) =3(B7,B,) =0, JA',B,) =56, 1<r,7<n
* Canonical bases preserved by modular transformations M € Sp(2h,Z)

B B (A B U
@) u(@) et E)

x Homotopy group (X, p) generated by 2!, B ; sharing a point p
* We shall denote the universal covering space X

* Holomorphic (1,0) forms w;, normalized on 2 cycles, give the periods €27

I
7{ CUJ:5J 7{ wyg = Q17
o/ B

* Riemann relations imply that Y = Im () is positive definite = metric
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Lie algebra for multivariable flat connections

e The generators
* On the torus with one variable the Lie algebra was generated by a pair (a, b)
x Braiding generators ¢;; = t;; carry over from the sphere

(CL, b) genus h (CLI, b[) nvariables> (CLI bi[, tij)

79
forI=1,---,handi,j=1,---,n

e The Lie algebra g = t;, ,, is not freely generated (e.g. for h > 2)
* defining structure relations with 7, 7, k£, £ mutually distinct

la;,a)] = [a;, ;] =0 [bir, aj] = 67t
[bir, bjs] = [bir, tjx] =0 [af, bir] = Z tij
JF#1

* t, , admits a bi-grading |a| = (1,0), |b| = (0,1), |t| = (1,1)
x considering infinite series requires degree completing t;, , — ty

e Imply the structure relations [t,;,t;./] = [t;; + tir, L] =0
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Flat connections for arbitrary h and n

e Arbitrary genus & multiple variables motivated by QFT & string theory
* Where genus is loop order and variables are vertex operator insertion points

e Connections valued in {; ,, in n variables x = (z¢,--- ,2,) € X"
* multiple-valued on ™ and meromorphic on X" [Enriquez 2011]
* single-valued n = 1 on X and non-meromorphic [ep, Hidding, Schiotterer 2023]

* single-valued on X" and non-meromorphic [ep, schiotterer 2026]

e Require flatness on configuration space

x € Cf,(X) = X" \ diagonals
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The Enriquez connection

e Theorem 1 [riicues 2011] (alternative proof [£D. Schiotterer 2025))

There exists a unique flat connection |Cg with values in fh,n in n. variables such that
* KCg is a meromorphic (1,0) form on X" of a-degree one;
*x whose only poles are simple in x; at x; with residue ¢;;;
x whose monodromy around 2! cycles is trivial and around B; cycles is

KE(%U - ZB) — 6_27TiB”KE(CB) B, = adbﬂ
* Comment: modular properties not manifest

e Taylor expanding in b defines the Enriquez kernels /"7 ; and /1

Ke(x) = Z dzx; Z B, -+ Bir, (w J(ajz)a + Z 7”(9137,, ajj)tz-j)
=1 r=0 VE
x They generalize the genus one meromorphic kernels (@’ ;(z) = w;(z))

I 1

g vz, y) = o't

P I "'Ir— Iy r
J(@) =Xz y)ey — g(@ - )
* Formulas for the Enriquez kernels
— via meromorphic Abelian differentials [Enriquez, Zerbini 2022, ED, Schiotterer 2025]
— Via SChOttky parametrization for hypere”lptlc Z [Baune, Broedel, Lisitsyn, Zerbini 2024]
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DHS kernels

e Arakelov Green function G(z,y) on a compact Riemann surface >
* is a smooth single-valued symmetric scalar in z # y € X defined by

0:0.G(x,y) = mh(x) — 7 (x, y) [ @rr@Ge,y) =0
>
where d?x k(x) is the pull-back of the Kahler form on the Jacobian J(X)
k(z) = icuj(ﬂl:)(IJI(QC) o =YY", / d’z r(z) =1
2h 5

*x both Kk and G are conformal and modular invariant

e Define iterated integrals over ¥ starting with G (x,y) = G(z,7)
* as smooth single-valued scalars in x # y € X [eD, Hidding, Schiotterer 2023]

G (@, y) = / &2 G(x, 2) @' (2) 0.6 (2, y)

5
P () = / &’z "1z, 2) @' (2) wy(z) r>1
5

* they generalize the genus one Brown-Levin kernels

fjl...[TJ(x’ y) _ ax@ll...lrj(m) o 8xgl1...1r_1(x’ y)éﬁr N f(?“)(ilj — y)
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The DHS connection

e The DHS connection with values in {;, , in n variables = € %"
* 1s a single-valued (1,0) @ (0, 1) form on X" given by

jDHS Z <] dxz — T Zw xz bz[ dxz
1=1
whose components J; have a-degree one and Taylor expand into DHS kernels

Z Bir, -+ B, (ﬁiq)ll"'lrj(xi)a;] + Z 0;,G" ! (2, $j)tij)
i

where 9®%;(z) = w,(z) while GIt"Ir and ®’1"Ir ; were defined above

e Theorem 2 The connection Jpus has the following properties [co, schioterer 2026]
* single-valued and smooth on Cf,, (%)
* whose only poles are simple in x; at x; with residue ¢;;;
* satisfies Maurer-Cartan dJpns — JpHs N\ Jpus = 0 on Cf,, (%)
* invariant under the modular group Sp(2h,7Z)
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Modular tensors

e Holomorphic Abelian differentials transform under M € Sp(2h.7)
* via non-linear representations L(M, ) and R(M,2) valued in G¢(h,C)
wr — wy R (M, Q) R(M,Q) = (CQ+ D)™* o (A B
ol = L'y (M, Q) o’ L(M,Q)=CQ+ D ~\C D
e Modular tensors are sections of (holomorphic) vector bundles over M,

[Cléry, van der Geer 2014; Kawazumi 2017; ED, Green, Pioline 2017; ED, Schlotterer 2020]

Iq---Ip I I Il...1/ J! J!
T Jl...JS—>L1[i"'L 17/“7-1 TJ{---JgRlzh"'Rst

x DHS kernels G'1"Ir and ®11Ir ; are modular tensors (e, Hidding, Schiotterer 2023
Iv---T T T VA
gt (@, y) = Lty L7 GV (,y)

@Il..-ITJ(CU) — Llljl o

Ir 171, J!

e The DHS connection is modular invariant
* provided the generators transform as follows under M € Sp(2h,7Z)

/

G b; b R tii = ti:
a, — L pa, il — O I ij —7 Lij

* which is an automorphism of the Lie algebra ‘Ach,n
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Relating the Enriquez and DHS connections

e Theorem 3 The connections ICr, and Jpus are related
* by the composition of a gauge transformation U(x, y)

N A

d — Ke(x;a,b,t) = U(z,y) "' (d — Tows(z;a,0,1)) U(z, y)

and a Lie algebra automorphism t;, , — t,., : (&, b, t) = (a,b,t)
* the gauge transformation is smooth and constructed out of JpHs

U(x,y) = Pexp/ Jons(®; €, 1,0)
Yy

Single-variable case [ED, Enriquez, Schlotterer, Zerbini 2025]

Multi-variable case [ED, Schlotterer 2026]

e The relation allows one to convert
* between connections
(meromorphic, multiple-valued) <> (single-valued, modular invariant)
* and between associated polylogarithms (see Federico Zerbini's talk)
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Interchange identities

e DHS kernels satisfy interchange identities (similarly for Enriquez kernels)
* The simplest case in terms of G and @ is as follows

wi(2)0,G(y, ) + wi(¥)0:G (2, y) — wi(2)0, " [(y) — wi (y) 02" (z) = 0
The interchange identities help to decouple integrations over x and y

x General identities involve two points x,y € X for each [ = I - - - I,
S PV i) £y w) + Dl y) S ey w) | =0
I=PQ
— where I = PQ sums over all deconcatenations of I
— the antipode 0 acts by 6(I---1,.) = (—=)"I,--- I; and we recall

Flo(y) = F0lr () = 0,97 Ty (z) — 9,67 Tr=1 (2, )Ty

* Special cases proven for DHS [ED, Schiotterer 2020]
* General case proven for DHS and Enriquez [ED, Schiotterer 2024]
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Fay identities

e DHS kernels satisfy Fay identities (similarly for Enriquez kernels)
* The simplest case in terms of G and @ is as follows
0:9(x,2)0,G(y, z) = 0.G(x,9)0,9(y, z) + 0,G(y, ©)0:G(x, 2)
—wr(2)0,G" (v, 2) — wi(y)0:G" (x, 2) + 0:0,Ga(x, y)

* General Fay identities on three points z,y,z € X
ILK(CI:: Z) (ijL(ya Z) o ijL(ya CIZ)) o ZfﬁL(xa y)f(jMLQ>MK(y7 Z)
I=PQ
— M) (P 2) = Py ) - Zf "y @) fIIM e (, 2)

—» —»—»

B Z (féL(y,a: IMo(S)L e y)+fIMO(S) (2 y)fRLK(y,m)) _
J=RS
The Fay identities decouple integration in z (cfr partial fraction)

* Proven for DHS and conjectured for Enriquez (f — g) in [ED, Schlotterer 2024]

* Proven for Enriquez and shown to be exhaustive in [Baune, Broedel, Im, Lisitsyn, Moeckli 2024]
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Interchange and Fay identities < flatness

¢ Recall the flatness conditions for DHS and Enriquez
DHS 0;Jj(x) — 0jJi(x) =0 [Ji(x), Jj(x)] =0
Enriquez 0, Kj(x) — 9;K;(xz) =0 [Ki(x), Kj(x)] =0
* The differential equations are solved by the properties of the kernels

e Theorem 4 {Interchange & Fay identities} <= flatness of Jpus
* The interchange and Fay identities arise from the commutators

[Ji(x), J;(x)] =0 <= all interchange & Fay for DHS
[K;(x), K;(x)] =0 = all interchange & Fay for Enriquez
x Proven by full use of the structure relations of tj, ,, [ED, Schiotterer 2026]

e Path ordered exponentials are homotopy invariant

[(x,y) = Pexp/ JDHS
y

* Taylor expansion in powers of b produces polylogarithms
* Since t;, ,, is not freely generated, there are relations between different words
* These relations are equivalent to the Fay identities
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The connections in the presence of punctures

e DHS for variables x = (x1,--- ,z,) and punctures y = (Zy41," " , Tntp)
* DHS connection for n + p variables z = = Uy no punctures

n n—+p
Tows(2) = Y (Ji(z)da; 76! (zi)birdzs )+ > (Ja(2)dwa— 70" (2a)bardia )
=1 a=n—+1

* Setting dx,, = dx, =0fora=n+1,--- ,n+p produces a reduced connection
, ; ntp )
Ji(z,y) = Z Bz—f(@'q’IJ(wz‘)a;-] + Z 0:G" (ws, ;) ti; + Z 8;G" (x, ya)tia>
I VE a=n+1
x All dependence on the generators a’, bar,tap has disappeared
* The remaining generators satisfy the algebra ty, ,,

I J I
[ai,aj]:[az-,tjk]:0 [biI’ij]:[b’iI’tjkj]zo [tia’tjﬁ]:[t’ioz’tjkj]zo
I I I
[a; tjal = [a; +aj,t;;] =0 [birstjal = [bjr + b1t =0 (tij>tkel = [tia +tjan tijl =0
[t- t. +t-~]—0 [t' +t.; t'-]—O [b. J]_5Jt.._0
1o Vo 1gl = itk T ko tigl = IERY Ity =

I
birsail+ D> tij+ > tig =0
j#i a
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Application to string theory

e Goal: string integrands in terms of DHS integration kernels x Koba-Nielsen
* e.g. for even spin structures and NS external states in the RNS formulation

e The RNS formulation appeals to worldsheet fermions
* For even spin structure 9, generic moduli, the fermion propagator satisfies

O0zSs(z,y) = mo(x, y)
* Fermion correlators include cyclic products, with @ = (z1,--- , z,,)

Cs(x) = Ss(x1,x2)S5(x2, 3) - - - Ss(Tn—1, Tn)Ss(xn, 1)
e Theorem 5: Cyclic products decompose [ro. Hidding, Schlotterer 2023, £D, Schlotterer 2025]

Cs(x) = C' " Vp ()

r=0
* Vr,...1, are independent of 0, single-valued on X", meromorphic in x
and entirely expressible in terms of DHS kernels
* C’gl"'h are independent of & and contain all -dependence
* both are tensors under the congruence subgroup I';(2) C Sp(2h,7Z)
(Note: in terms of Enriquez kernels the coefficients éél"'lr are not modular tensors)



Eric D'Hoker Flat connections, Fay identities and polylogarithms on arbitrary Riemann surfaces

Summary and Outlook

Flatness of JpHs Flatness of KCg
(1,0) 4(1,0)7 __ <
[Jz 7Jj ]—O [K@,KJ] =0
) U
Interchange and Fay identities Interchange and Fay identities
— .
for DHS kernels for Enriquez kernels

e Ongoing projects

* Extend flat connections to include moduli variations [ep, Enriquez, Schiotterer, Zerbini 2026]
* Relations between polylogarithms induced by Fay identities [ep, schiotterer, Sohnle 2026]
* Structure of spaces of modular tensors at higher genus [ep, schiotterer, - -]

(strongly motivated by string theory)
* Embedding Calabi-Yau into universal curves [ep, schiotterer, - -]



